A COMBINATORIAL LEMMA AND ITS APPLICA-
TION TO PROBABILITY THEORY

BY
FRANK SPITZER()

1. Introduction. To explain the idea behind the present paper the follow-
ing fundamental principle is emphasized. l.et X=(X,, - - -, X,) be an
n-dimensional vector valued random variable, and let u(x) =u(x;, - - -, %)
be its probability measure (defined on euclidean n-space E,). Suppose that
X has the property that u(x) =u(gx) for every element g of a group G of
order & of transformations of E, into itself. Let f(x) =f(x1, - - -, %) be a
u-integrable complex valued function on E,. Then the expected value of f(x)
is

(L.1) 500 = [ @) = [ Fwanc),
where
_ 1
(1.2) &) = — 2 f(gw).
€6

This principle will be fruitful when it is possible to write f(x) in a form which
is simpler to integrate than f(x).

We shall consider only the case when G is the symmetric group of permu-
Jations ¢ on # symbols, so that

1 2 ...n
ax=( )x=(x,1, Tagy * * * y Xap)-

o1 02 *  Op

Vector random variables X =(X;, - - -, X,) with the property that
u(x) =p(ox) for every permutation are called symmetrically dependent and
have been treated at length by E. Sparre Andersen [1; 2; 3]. For the most
interesting applications of the present theory it will be necessary to require

in addition that X,, - - -, X, be identically distributed and independent.
For the function f(x) in equation (1.1) we shall take
fx) = max [0, o1, &1 + 22, - - -, ;1 F 22+ - - - + 2]

The fundamental combinatorial result of this paper (Theorem 2.2) identifies
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the set of numbers [f(ox) ], as ¢ ranges over G, with a set of numbers [g(ox) ]
which have very desirable properties with regard to integration. The author
is indebted to H. F. Bohnenblust for valuable discussions. The proof of
Theorem 2.2 is due to him.

When applied to the case of independent identically distributed random
variables X1, X., - - - and their partial sums S;=X;+ - - - + X}, Theorem
2.2 and the principle of equation (1.1) produce Theorem 3.1:

For |t <1,

t"],

where ¢.(N) is the characteristic function of max [0, Si, Sy, - - -, S.], and
¥n(\) the characteristic function of max [0, S,]. Equation (1.3) generalizes
results of M. Kac and G. A. Hunt (Theorem 4.1 in [7]), and of E. Sparre
Andersen (Theorem 1 in [3]). In §6 equation (1.3) is generalized in Theorem
6.1 which gives the joint characteristic function of S, and max [0, Sy, - - -,
S.].

§§4, 5, and 7 contain a number of new results concerning the limiting
behavior of the random variables max [0, Sy, - - -, S,] and N, =the number
of positive Sk, k=1, 2, - - -, n. These results are chosen to illustrate the
power of the combinatorial method, without in any way exhausting its
possibilities. The case of sums of nonidentically distributed independent
random variables clearly is beyond the scope of this method. The same re-
mark applies to continuous parameter stochastic processes and consequently
the present method is a natural one for the class of processes with stationary
independent increments.

2. Combinatorial considerations. The following proposition will be very
useful.

o 20 » x
(1.3) X (N = exp[ ii )

n=0 n=1

THEOREM 2.1. Let x=(x1, - - -, Xn) be a vector such that x;+x2+ - - - +xn
=0, but no other partial sum of distinct components vanishes. Let xpyn=xk, and
x(k) = (Xk, Xkt1, =+, Xkgn), k=1, 2, - - -, n. Then, for each r=0, 1, - - -,

n—1, exactly one of the cyclic permutations x(k) of x is such that exactly r of
its successive partial sums are positive.

Proof. Let sy=x14x:+ - - - +xi, s0=0, spyn=s:. Then the successive
partial sums of the components of x(k) are sp—sSk—1, Sk41—Sk—1, * * *  Skgn—1
—sr—1. By assumption the s; are all distinct for k=1, 2, - - -, n, so that the
number 7 of positive terms in the above sequence equals the number of posi-
tive terms among s;—sx—1, j=1, 2, - - -, n. Hence » may be given any value
between 0 and n—1 in one and only one way, i.e. by choosing k so that
se—1 is (r41)st from the top in order of magnitude among the si, k=1,2, - - -,
7.

One can obtain an interesting version of Theorem 2.1 which does not
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require the assumption that s, =0. We call the polygon connecting the points
0, 0), (1, s1), - - -, (k, sx), - - -, (m, s,) the sum polygon of the vector x.
The sum polygon for the cyclically permuted vector x(k) is defined the same
way. Then the numbers sy — (k/n)s, represent the vertical distances from
the vertices of the sum polygon to its chord, the line connecting (0, 0) with
(n, s.). Now we may apply Theorem 2.1 to the numbers x; —s,/%, whose sum
vanishes, if they satisfy the incompatibility assumption. (It is clearly suffi-
cient that the x; be rationally independent.) The result is that if we consider
a sum polygon and its # cyclic permutations, and prescribe an integer 7 be-
tween 0 and #—1, then exactly one of the cyclic permutations of the sum
polygon will have the property that exactly r of its vertices lie strictly above
its chord.

The geometric meaning of this theorem will provide the clue to Theorem
2.2. Its proof depends on the possibility of finding a unique cyclic permutation
of certain subsets of components, such that their sum polygon (the polygon
connecting the points (k, si)), lies entirely below its chord. Rational inde-
pendence of the components will be assumed there.

Now we introduce certain notations. For any real a

at = (I a\ + a)/2 = max [0, a,

so that
max [O, ay, * v, a,,] = max ak+..
15k=<n
1 2---n
(2.1) agx = x = (xaly Xagy = * xa’,.)r
oL Oy - - O
sk(ox) = %oy + %oy + -+ Xy,
+ “ +
(2.2) S(ox) = max s;(cx) = max <Z x) )
1Sksn 1Sk=n =1

Consider the permutation 7 represented as a product of cycles, including
the one-cycles, and with no index contained in more than one cycle. For exam-
ple suppose that » =7, and that

(2.3) = (14)(2)(3756).

Then we define

2.4) T(rx) = (i + 20" + 25 + (25 + 2 + 25 + 7).

In formal notation, let

(2.3) T = (au(r))(a(r)) - - - (ann (7)),

where the a,(r), i=1, 2, - - -, n(r), are disjoint sets of integers whose union

is the set [1, 2, - - -, #]. Then define
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(2.4 T(rx) = f( Z(T)xk>+.

i=1 K€ a;(r)
Now it is claimed that

THEOREM 2.2. For an arbitrary fixed vector x=(x1, %, + + -, X.) the sels
[S(ox)] and [T(rx)], which are generated by letting o and v run through all of
the n! permutations, are identical sels.

Proof. If the theorem is proved for a set of x which is dense in E,, then
its truth follows for arbitrary x, since the numbers S(ox) and T'(rx) are
continuous functions of x. Therefore the proof is given for an arbitrary fixed
x with rationally independent components. (For rational r;, i, +rexe+ - - -
+7,x,=0 if and only if each r;=0.)

It is planned to exhibit between permutations of the form o, defined in
(2.1), and permutations of the form 7, defined in (2.3’) a one to one cor-
respondence ¢,(7). This mapping will depend on x and will have the property
that, for each 7 and for each x with rationally independent components,

(2.5) T(rx) = S(oz(r)x).

The proof will then be complete.

Suppose a permutation 7 is given in the form of (2.3’). The order of the
indices in each set a;(7) is then prescribed up to an arbitrary cyclic permuta-
tion. In accordance with the remarks following the proof of Theorem 2.1 we
choose that unique cyclic permutation of the indices which ensures that the
sum polygon lies below its chord. In terms of the example of equation (2.3),

r = (14)(2)(3756)
is rewritten as
r = (14)(2)(5637),

if it turns out that

21 X ¥+ 2 X+ x5+ ¥ w5 + w6 + x3 + %7
2.6) m < ;  max| xs, ’ < .
2 3 4

In formal notation, suppose that the cycle (e, (7)) = (j1, jo, + * +, jk). Then
without changing that cycle as a permutation we can rewrite it in one and
only one way, as (a,(r)) = (&1, %2, - - -, %) so that

Xy + X Xip 0 Xy X+
(2.6’) max [xil,-—l—zy ceey 2 : l:l< = 5,
2 k—1 k

where (4y, 43, - * - , %) 1s a cyclic permutation of (71, - - -, jx). This is done for

each cycle.
Finally, the cycles ai(r) may be permuted among themselves. Again
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using the rational independence of the components of x, there is a unique
permutation (relabeling) of the ;(r), after which

> m > % 2 m

k€ ay(n) k€ ay(r) k€ an(r)(m)
(2.77) Za)”l }5’ " >--->—————i""1 :
¥ ay() kE ay(r) k€ an(r) (M

Thus in our example 7 should now be rewritten as
T = (5637)(2)(14),
if it turns out that

ws + x5 + 23+ %7 %1+ %
2.7 2 > x> .

Finally we define

1234567
cr,(-r)=( ):
5637214

or in general

1 2 -m
(2.8) () =1{. . )
11 12 ° * * 1p
where the indices 4, - - -, 4, are the integers [1, 2, - - -, #] in that unique

order in which they now appear in the successive sets a;(7).
It remains to define 7,(d) as a function of ¢, and to show that e, [r.(¢s) ] =0,
and finally that equation (2.5) holds. Given

(1, 2, - n)

o= . . . )

iy, dg, - v v, n

consider the sum polygon through the points (0, 0), (1, x), - -, (&,
X+ - - - +x4), -+ o, (1, 55). Now we define the lowest convex majorant of
the sum polygon as that unique polygon which goes through (0, 0) and (, s.)
in such a way that all its vertices are also vertices of the sum polygon and
that it always lies above or coincides with the sum polygon. (Uniqueness fol-
lows from the fact that the x; are rationally independent.) Suppose now that
the lowest convex majorant constructed for the permutation o has the vertices
(Oy 0), (kl’ xi1+ e +xikl)r ttty (kvv xi1+ ttt +x1'k,)r ("y sn)’ where
0<k < - - <k,<n. Then we define

(2‘9) TZ(O') = (ilr Sty ikl)(ikn Ty ikz) R (ikv+11 Tty in)'

It is geometrically obvious that 7.(¢) is left unchanged by the transformations
used in (2.6") and (2.7") to define o.(r), so that o.[r.(c)]=0, establishing
the desired one to one correspondence.
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Finally S(ox) is the maximum ordinate among those of the vertices of the
sum polygon, but this maximum is clearly also attained at a vertex of the
lowest convex majorant corresponding to ¢. It follows from (2.9) that

S@) = (1 + - 2) - G ) = T(),
or
T(rx) = S(oz(1)x),

which completes the proof.

In §5, we shall give a simple proof of a very surprising theorem of
E. Sparre Andersen, which is stated in Equation (5.3). That theorem will be
seen to follow from a combinatorial fact rather similar to Theorem 2.1.

Let 6(a)=1 if a>0 and 0 otherwise. Let x=(x, - - -, x,) be a given
n-tuple as before, and let ox=(x,,, - - -, %,,) be a permutation of x. Let
7="(ou)(0s) + - - (atn(ry) be a permutation decomposed into cycles, and define

A(ox) = 2 0(xs, + - - - + 22,
k=1

B(rx) =_§_‘i< > 1)0[ > x,].

i=1 i€ ay; i€a;
Then we have

THEOREM 2.3. The sets { A(ox) } and {B(Tx) } , which are obtained by letting
o and T run through all permutations on n objects, are identical sets.

The proof is omitted, since it has recently been shown by H. F. Bohnen-
blust that far more general theorems than those considered here are easier
to prove than the elegant but somewhat too special theorems considered here.

3. The distribution of max [0, Si, S,, - - -, S.]. Before proceeding to the
applications of Theorem 2.2, it should be mentioned that even the simple
Theorem 2.1 is not without probabilistic interest. When applied to equation
(1.1) it immediately yields the following result of E. Sparre Andersen (Theo-
rem 3 in [2]):

“Let X1, - - -, Xnp1 be symmetrically dependent random variables and let C
be an event which is symmetric with respect to Xy, - - -, Xnp1. Let N.¥ be the
number of points (j, S,), j=1, - - -, n, which lie above the straight line from
(0, 0) to (n+1, Sat1). Then for Pr [c]>o,

Pr[N:=m|C]=(n—|-1)—1, m=0,1,--+,mn,
if and only if
Pr{[i'Si = (n + D' Suu] N C} =0, i=1,2 .00

From now on X1, Xs, - - - will be an infinite sequence of indentically dis-
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tributed independent random variables, with S,=X,4+ - - - +X; and
Sit=max [0, Si]. If 7 is the permutation

T = (al)(az) e (an('r))r

then
n(r) +
T(rX) = Z( > Xk> )
i=1 \ kEay
and if
<1 2 - n)
g = )
o1 G2+ - On
then

k +
S(¢X) = max (Z‘, X,‘) .
1<ksn =1

For every complex-valued f(x) it follows from equation (1.1) and from
Theorem 2.2 that

(3.1) Ef[ max SZ:I _ L > Ef[S(eX)] = 1 > Ef[T(X)].
1Sksn nl 5 n!
Equation (3.1) must be interpreted in the sense that each member is finite
and equal to the other two, provided that one of them is finite.

Everything said so far is valid for symmetrically dependent random vari-
ables. To take advantage of the independence of the X it is convenient to
take

f(®) = exp (iNx), Im () 20,

(3.2) ¢s(\) = Eexp (N max S)),  ¢o(\) = 1,
1=5ks=n
(3.3) w\) = E exp (iNS).
Consider the last member of equation (3.1). If a permutation 7 consists of &,
cycles of length », v=1, 2, - - -, n, with &y +2k+ - - - +nk,=n, then

EfT6x)] = T1 b ]

=1

The number of permutations on # objects, which, when decomposed into dis-
joint cycles, exhibit the above structure is exactly

n
! H Rk, 1)L

v=1

Hence
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LIAVMONALAS |
(3.4) ¢,.(>\)=Z*H( ( > —  nz0,

r=1 14 ky'
where the summation D_* extends over all n-tuples (&1, ks, - - - , k) of non-
negative integers with the property ki+2ky+ - - - +nk.=n. It is easy to

verify that the identity between generating functions in equation (1.3) is
equivalent to equation (3.4). Hence we have proved

THEOREM 3.1. For Itl <1, Im (A\) =0,

3.5) 3 a0 = exp[ 5 # tk] :

n=0 k=1 k

In §6, Theorem 3.1 will be found to be a special case of Theorem 6.1.
The results of M. Kac, G. A. Hunt, and E. Sparre Andersen are simple
consequences of Theorem 3.1.

COROLLARY 1 (Theorem 4.1 in [7]).

1
(3.6) E max Sy = Y, — ES;.
1SksSn k=1 k
This formula is obtained by differentiating (3.5) with respect to N and
setting A=0. Alternatively, it can be proved directly from equation (3.1)
with the choice of f(x) =x.

COROLLARY 2.

00

© n k
(3.7 Zpr{n [Skg0]}t"=exp{zt—Pr[Sk20]} .
n=0 k=1 =1 k
This result is obtained by applying equation (3.5) to the random variables
—X,, setting A=1u, and letting u— . Actually (3.7) remains correct if
both inequalities in (3.7) are modified to be strict inequalities. In that form
(3.7) was discovered by E. Sparre Andersen. It is equation (3.6) of Theorem 1
in [3]. To obtain it directly, it is easiest to use the following weak form of
Theorem 2.3. The probability that the first # partial sums S;, Sy, - - -, Sa
are all positive is the same as the probability of success in the following ex-
periment. One selects a permutation at random (i.e. with equal probability)
from the n! permutations of size #, and observes the lengths v, v2, - - -, », of
its successive disjoint cycles. One then observes r independent random vari-
ables with the same distribution as S,,, S, * - -, S,,, and success is defined
as the event that they are all positive. This fact then leads to a direct proof of
equation (3.7) with strict inequalities quite similar to the proof of (3.5).
The analogue of Theorem 3.1 for continuous parameter separable sto-
chastic processes with stationary independent increments will be given else-
where.
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4. The limit behavior of max [0, Sy, - - -, S.].
THEOREM 4.1. Let a,=Pr [Si>0], ¥x(\) =E exp (AASH).
(@) If 2or ax/k< o, then
4.1) max S: — sup S: = max Sk+ < o
1Sksn 21 k1
with probability one;
(4.2) lim sup S, = — o« with probability one,

n—ow

except in the trivial case when Pr [X;=0]=1. maxe>:Sit has the infinitely
divisible characteristic function

o ) —1
(4.3) E exp (i\ max S:) = [ exp [ﬂ—()—] .
k21 k=1 k
(b) If 2.7 aw/k= oo, then
(4.4) max S: — sup S: = lim sup S, =
15k=n 21 n—owo

with probability one.
(¢) If E| Xi| <  and Pr [X;=0]<1, then case (a) corresponds to EX;<0,
while case (b) corresponds to EX;=0.

Proof. To prove (4.1) and (4.2) it is sufficient to show that in case (a)

(4.5) Pr [S, > xio.] =0, — o <x< ®,
Let ¢,=Pr [maxi<i<, Sx<0], go=1. In Theorem 3.1 set \=4% and let u— .
Then
© o 1 — A
Zq,,t"=exp[2( ak)l‘], |t| <1,
0 1 k
oC £ (14
(4.6) (l—t)ant"=exp[—Z;‘t‘], |t|<1.
0 1

Since the coefficients ¢, are monotone nonincreasing, a simple Tauberian
argument gives

0 ar
(4.7) lim q,,=exp[— > —k—‘]>o,
n— o0 1
so that
(4.8) Pr (S, > 0i0.]<1—1limg, < 1.

n—o



332 FRANK SPITZER [July

But it was shown by P. Lévy [8, p. 147], that when Pr [X,=0]<1,
(4.9) Pr[S, > zio.] =0 or 1, — 0 <x< o,

and that the probability in (4.8) is the same for every x. Equations (4.8) and
(4.9) now imply (4.5), and hence (4.1) and (4.2) are proved.
Equation (4.1) implies that the sequence

. +
¢.(\) = E exp I:z)\ max Sk:l
15kZn
converges to a characteristic function. Therefore

E exp [1‘)\ max SJZ] = lim ¢.(\) = lim (1 — ) X . (\)t»

k=1 n—w —1 1
=lim (1 —¢) exp[ i v t"]
-1 1 k
Ce[ £ O]
1 k

This characteristic function is infinitely divisible since its factors

(B522) e w24

are infinitely divisible.

To prove equation (4.4), suppose that Dy ax/k= . Then it follows from
(4.6) that

lim ¢, = Pr[ilill)Sk = 0] = 0.

Now

1 — Pr[S: > 0i.o0.] Pr[ sup Sy = O] + 2> Pr[S,, > 0; sup Sk4m = 0]

k21 k=1 m21

IIA

lim ) Pr l: sup S = 0] = 0.
n—w f_1 m=1
Hence, by (4.9)

Pr[Si>0i0.] =Pr[Si >xio]=1 — o <z<»,

which implies equation (4.4).

It remains to prove part (c). We assume that E|Xi| < . Then, if
EX;<0, the strong law of large numbers implies that Pr [S,>01i.0.]=0, so
that Y= ar/k < . Conversely, if EX;>0, we get Pr [S,<01i.0.]=0, so that
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Pr [S.>0i.0.]=1, and > ¢ ax/k= . Finally, if EX;=0, then the sequence
of partial sums S, is recurrent in the sense of Chung and Fuchs [4], so that
Pr [S.>0i.0.]=1if Pr [X;=0]<1,and D aw/k= .

Theorem 4.1 has a curious corollary which constitutes a novel form of
the strong law of large numbers for identically distributed random variables.
It gains in interest by comparison to the following result of P. Erdés [6].

EX;=m and EX: < «, if and only if

iPr[ Sk

;——m,>e:|< o for every ¢ > 0.
1

We shall prove
THEOREM 4.2. EX;=m if and only if

> 1 Sk
(4.10) Z-—};—Pr 7—m!>e:|<wforeverye>0.
1

Proof. It will suffice to consider the case when m=0. Suppose therefore
that EX;=0. Then E(X,;—¢) <0, if ¢>0, and by Theorem 4.1 (c)

> 1

(4.11) Z—k—Pr [Sk — ke > 0] < .
1

By the same argument
=1

(4.12) Z-k—Pr [Si + ke < 0] < .
1

Adding (4.11) and (4.12), we have (4.10). Conversely, assume that (4.10)
holds with m =0. Then (4.11) and (4.12) must hold for every €¢>0, which

means that
Sn
Pr [— — 0] = 1.
n

Now it follows from the converse of the strong law of large numbers that
IZA{;==0.

5. The number of positive partial sums. We summarize earlier definitions
and make some new ones.

ar= Pr [S, > 0],

Pu= Prl:min Sk>0:|; po =1,

1Sk<n

q,.=Pr[max Sk§0]; g = 1.

1=k=<n
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(5.1) N,=the number of S;>0, k=1,2, .-, n.
(5.2) T,=theindex (time) k at which max;<i<» Sk is first attained, with the
provision that T, =0 if maxi<k<n Sk =0.
The results of this section will depend on the following important theorem
of E. Sparre Andersen (Theorem 1 in [1]).

“If pr=Pr [Ne=F], ¢»=Pr [N:=0] (as is the case in our notation), then
(5.3) Pr[No=%k]= pagusr =Pr[Ta=%k], E=0,1,---,n"

The second half of equation (5.3) is a simple consequence of the markovian
nature of the process of successive partial sums S,. To prove the first half, we
let

(5.4) pn(N) = E[e™6n] = gue™ 4+ 1 — ay, A= 0.
(5.5) xn(A) = E[e™n], A= 0.

One sees that in view of Theorem 2.3 the random variable IV, has the same
distribution as the random variable

Vla(Svl) + VZG(sz) + A + V70(S"r))

where v, - - -, ¥, are random variables indicating the length of the disjoint
cycles of a permutation chosen at random from among the permutations on
n objects. The partial sums S,,, - - -, S,, are taken as independent random

variables with the distribution indicated by their subscript. Hence the method
used to prove Theorem 3.1 applies with only the change of ¢,(\) into x.(A),
and ¥.(\) into p.(\), and yields the following result analogous to equation
3.5):

(5.6) i xa(\)" = exp[ i PN t"]; A= 0.

n=0 k=1 k

Using (5.4) this becomes

o0

1

and in view of equation (3.7) and the discussion following it,
2 (W = ( 2 r“‘t"m)( 2 quk>,
0 0 0

so that

n

xa(\) =2 e Pr [N, = k] = > e ™ pgnr,
k=0

k=0

from which the first half of (5.3) follows.
Now we consider the limiting behavior of N, and T\,.
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THEOREM 5.2. (a) If D1 ax/k< o, then N,—N < o and To—T < o, with
probability one, and

0

(5.7) Et”=EtT=exp[Z%(ﬂ‘— 1)], 1t =1

1
(b) If 2. ax/k= o, then N,— o and T,— o with probability one.
Proof. Let Dy ai/k< ®. Then equations (4.1) and (4.2) of Theorem 4.1
imply that
Pr [Npy1 # Naio.] = Pr [Toy # Taio.] = 0.
On the other hand, if D" ax/k= =, then it follows from equation (4.4) that
Pr [Npyy = No+1i0.] = Pr [T, = nio.] = 1.

This proves the probability one statements in parts (a) and (b) of the present
theorem.

To prove equation (5.7) it suffices to consider the random variables N,.
In case (a), when they converge to a random variable N with probability
one, we have

EtN = Y t*lim Pr [N, = E].

k=0 n—ew

By (5.3)
lim Pr [N, = k] = plim g, = piq.

n— o

In fact, (4.7) states that
and (3.7) that

so that

L]

a
EtN=EtT=exp[Zf(t"—l):|: [ S 1.
1

6. The joint distribution of S, and max [0, S, - - -, S.]. The results and
methods of the preceding sections enable us to find the joint characteristic
function of S, and max [0, Sy, - - -, S.]. For reasons of symmetry we shall
concentrate on the bivariate characteristic function
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(6.1) ¢u(a,B8) = Eexp I:ia max S: + iﬁ(max S: - S,,):Iy ¢oe, B) = 1.

1=5ksn 1Sk=n
The joint characteristic function of S, and max [0, S, - - -, S,] will then be
(6.2) E exp [iaS,, + i8 max st] = ¢u(c + B, — ).
1Sk=n

It will be seen that ¢,(c, 8) depends only on the characteristic functions

(6.3) uw(a) = Eexp [iaSy],  (2Si= | S|+ S0,
(6.4) w(@) = Eexp [i8S:],  (2Si = | S| — S,
for k=1,2, .-, n.

THEOREM 6.1. For |t| <1, Im (@) 20, Im (8) =0,

0

i : 1
(6.5) ; ¢n(a’ 5,)”‘ = eXP[ Z ; (“k(a) + '”k(ﬁ) - l)tk] .

k=1
The proof depends on equation (5.3)
Pr [T = k] = pegn—s.

If max [0, Sy, - - -, S,.] is assumed at T,=Ek, then the random variables
S;— Sk, 1<k, and S;— Sk, j=k, are independent. By a simple argument one
obtains

f eiaSkd P ¢~ BSnrd P
Ag Bn—k

(6.6) ¢,.(a, B) = kg‘:) ?kqn—k Pr [Ak] ’ Pr [Bn—k] ’

where

k
4r = [$:>0], B = n [S: = 0],
i=1 =1
so that Pr [4:x]=p4, Pr [Bi] =¢. To evaluate the integrals in (6.6) one must
go back to Theorem 2.2 and apply the method of equation (1.1) just as was
done in the proof of Theorem 3.1. One obtains

(6.7) i t"fA eiaSndP = exp[ i _Ile— () — 1 4 ak)t":l ,

n=0 n k==l

(6.8) i l"f eBSndP = exp|: i i (w(B) — ak)t"] )

n=0 n k=1 k
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where a,=Pr [Sy>0]. But now it follows from equation (6.6) that the series
on the left in (6.5) is the product of the generating function in (6.7) and (6.8).
This product gives the right-hand side of (6.5) as was to be proved.

7. The generalized arc-sine law. By the generalized arc-sine laws we mean
the following one parameter family of distributions F.(x).

Fo(x) = 0if z < 0, 1if x = 0,
sinwa [°*

Fulz) = f 11 — s)-eds, 0<a<i,
T 0

Fi(x) =0ifx < 1, lifx 2= 1.

E. Sparre Andersen was the first to prove that the sequence of random
variables N,/n, i.e. the fraction of times that S, >0, converges in distribution
to the law F.(x), if the sequence a; =Pr [Sy>0] converges to a (Theorem 3 in
[3]). We generalize his result in the following way.

THEOREM 7.1. If (a1+a:+ - - - +a,)/n—a, then
]\Tn
(7.1) Pr |:—— = x]—)F.,(x)
n

If (a4 - - - +a.)/n does not tend to a limit, then neither does Pr [N./n<x].

The second half of the theorem is trivial, since

a+---+a N,

ar e gl

n n

and a sequence of uniformly bounded random variables cannot converge in
distribution unless their first moments converge. Moreover, this half of the
theorem may also be vacuous, since it is not known whether there exists a
sequence of identically distributed independent random variables with the
property that the a; fail to have a (C, 1) limit.

However, the so called universal laws of Doeblin [5] show that the ordi-
nary limit of a; need not exist. Hence Theorem 7.1 is a generalization of
E. Sparre Andersen’s.

The proof of (7.1) will be based on the following Abelian theorem.

LEMMA 7.2. If the sequence {ak}, k=1,2,... 145 (C, 1) summable to «,
and N2 0, then as s—1 through real s<1,
0 a
(7.2) lim > —— st[1 — eMa=0] = a log (1 + \).
=1 k=l k

Proof. Let A,=(a;+a:+ - - - 4a,)/n. Then after summation by parts,
equation (7.2) becomes
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lim Y Arar(s) = alog (1 +N),
81 k=1

where ci(s) =s¥[1 —e 0= ] — (ksk+1/(k+1)) [l —e**+D0-2] By Toeplitz,
Theorem we have to prove that

(a) lim ¢x(s) = 0,
-1
(b) lim Y c(s) = log (1 4+ ),
81 k=1
(c) > I ck(s)| <K in some interval 1 — § = s = 1.

=1
It is easily deduced that (a) and (b) hold. To verify (c), note that

k(1—s) )\k5k+l (k+1) (1—s8) (k+1) (1—8)
cx(s) = Ns* f ey — f e dx = — sk f e dx
0 0 k

(1—s8)

= — \sk(1 — s5)e M0,
Hence |ck(s)| S cr(s) +2Ns*(1 —5)e U= g0 that
lim sup Y, l ci(s) | =< log (1 +A) 4+ 23,
s—1 k=1

so that (c) is satisfied for some § >0 with K =4A\.
We proceed to prove Theorem 7.1. As in §5 let

Xa(\) = E[e™s],
and equation (5.6) can be written in the form
(7.3) (1 —=5) 2 xa[AN(1 — 5)]s» = exp {Z o so[1 — e’“‘““)]} )
n=0 n=1 N

when |s| <1 and AZ0. For |s| <1 both members of (7.3) can be written as
convergent power series in A and we may equate the coefficients ck(s) of

N, k=0,1, - - - . Lemma 7.2 simply states that
lim Y c(s)N = (1 + N2,
$—1 k=0
so that
—a
(7.4) limck(s)=< k)’ k=01, -
$—1

Since x»(\) is a moment generating function for N, we can use equation (7.3)
to express the coefficients ¢x(s) in terms of the moments of N,/n. Let
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N.\*
(n) n
Ilkn = E( ) .
n

—1)k "
als) = (1 — s)"“( k') > n"/.uﬁ )s", |s| <1,
. n=0

Then

and equation (7.4) implies that

(7.5) 1=y in‘ (")s"N(—l)"(_a>L» s—1
' = B (1= sy '
The left-hand member as a power series in s has the coefficients
4+ D' — i = B(Ne — N2,

which are non-negative. Karamata’s Tauberian theorem therefore applies,
and yields

. (n) —a .
lim p =(—1)"(k>r k=01, -

n—o

But it is easy to verify that

(—1)'=(_ka) - f—:x"dF..(x),

and because the moment problem in this case has a unique solution, the proof
of Theorem 7.1 is complete.
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